cients and variables. It is probable that as Turnbull was the last, he was the most versatile exponent of this calculus. The programme of many of the earlier papers is uniform; the discovery by these methods of a set of con comitants of the given ground form or forms complete in the sense that all concomitants are present, but usually redundant in the sense that the number can be reduced by the discovery of relations expressing the concomitants rationally and integrally in terms of a smaller set. It is noteworthy during this earlier period that while Alfred Young, the teacher, maintained a twenty-five years' silence, publishing nothing between 1902 and 1927 but then resuming work with his notable series of papers on substitutional analysis, Turnbull the disciple was engaged in enlarging the list of complete systems of concomitants for various types of ground forms. A succession of papers deals with the con comitants of quadrics, a typical problem being to find an upper bound to the number of irreducible concomitants of five or fewer ternary quadratic forms. Gordan had given the complete system for two, Ciamberlini for three forms. Turnbull extends this to five, and considers the problem for any number of ternary quadratics. Later papers deal with two quaternary quadratics; Gordan had found 580 concomitants; Turnbull reduces these to a simpler system of 125, and then to 123, giving geometrical interpretations for 100 of these. This kind of paper is typical of many, perhaps the most characteristic papers of this first period being the two (the second in collaboration with his talented pupil, John Williamson) dealing with the quaternary quadratic complex, a prepared system of concomitants being found, and then the complete system. A German reviewer described the outcome as a triumph of the symbolic method.
The textbook, The theory of d e t e r m i n a n t s , matrices and invariants (Blackie, 192 grew, as the author indicated in his preface, from a short series of lectures given in 1926 at the St Andrews Colloquium of the Edinburgh Mathematical Society. Turnbull acknowledges his debt to E. B. Elliott's Algebra and to Grace and Young's Algebra of , the former developing the direct, the latter the symbolic methods. In its first six chapters the book could be read as an elementary introduction to determinants and matrices, but with Chapter V II, the introduction of polarizing operators and the Cayley operator (with which Turnbull remained intrigued all his life, and to which he returned more than once in later papers) in the form of a symbolic matrix of operators of partial differentiation, the book begins to lean towards its main object, the development of the Clebsch-Aronhold symbolic calculus, the fundamental theorems on the types of invariants and concomitants of ground forms, and the systematic construction of concomitants. The book concludes with a proof of the Gordan-Hilbert theorem on the finiteness of the set of concomitants by means of which every concomitant of a finite set of ground forms can be expressed rationally and integrally; in fact the finiteness of the complete system. A final chapter deals with geometrical interpreta tions of algebraic forms and their concomitants. The books calls for very close reading, beginning in an elementary fashion but proceeding to profound theorems. It still remains an important work, and in 1960 was taken over from Blackie and Son by the Dover Publications of New York.
A second and shorter book, The theory of canonical matrices (Blackie, 1932) has a much more clear-cut and limited objective. It arose from an extensive interchange of letters with A. C. Aitken, the problem being the various canonical forms to which matrices might be reduced under the various transformation groups, for example the general square matrix in the real or complex field under the collineatory group, to a diagonal, a classical or more generally a specially simple canonical form. Towards the end of 1931 Turnbull had suggested to Aitken that each might begin writing alternate chapters towards a book of this kind; and in this way the work was eventually written. The book, as is indicated in the preface, might be regarded as in some sort a sequel to The theory of d e t e r m i n a n t s , matrices and , but in self-contained and independent. It consists indeed of four introductory chapters on matrices, bilinear, quadratic and Hermitian forms and the various groups of matrix transformations. Then come chapters dealing with the rational canonical form, the classical canonical form and the relation between the two. Later chapters deal with congruent and conjunctive, unitary and orthogonal transformations, the reduction of pencils of matrices, the solution of matrix equations, commutants and invariants. The book had a successful run for some thirty years and in 1961 was taken over from Blackie and Son, like the other, by the Dover Publications of New York. One of its side effects was a revival of interest in the classical problem of the reduction of pencils of quadratic and Hermitian forms, and of singular pencils of matrices. Errors and obscurities hitherto unnoticed were cleared up almost simultane ously in papers by Turnbull and W. Ledermann in this country, and by J. Williamson, G. R. Trott, K. W. Wegner and M. H. Ingraham in America.
Many short papers attest Turnbull's interest in the formal elegancies of the solution of special problems; for example a matrix with integer elements such that its cube is the unit matrix, matrix differentiation, the relationship of a continued fraction with variable parameter to a continuant matrix, leading (as in a paper by E. T. Whittaker) to the differentiation of continued fractions, and the like. Even as late as 1949 Turnbull collaborated with his pupil and colleague, A. H. Wallace, in deriving important symmetric functions by a combination of Young's substitutional analysis with the Clebsch-Aronhold symbolic calculus. The central result is that double standard forms, con structed by using the Young-Littlewood standard tableaux with two sets of variables, turn out on symbolic interpretation to be the celebrated ^-functions of Schur, which are the traces or characteristics of Schur's 'Invariant matrices' treated in his Dissertation of 1901. This paper, though not among the most important of Turnbull's papers, is the most typical, in the formal elegancies of the relation of bideterminant, bipermanent and double standard forms to the classical symmetric functions.
Turnbull had always been interested in the history of mathematics and had insisted on its importance in the teaching of the subject. The first fruits of this interest took form in a small book, The great mathematicians (Methuen, 1929) , but his own discovery of hitherto unknown manuscripts in 1932 turned his attention more and more towards the history of mathematics in England and Scotland during the latter half of the seventeenth century. From his fiftieth year he dedicated himself to the study and unravelment of the problems posed by these manuscripts, the results being incorporated in the very important work on James Gregory, the Tercentenary Memorial Volume published in 1939 under the auspices of the Royal Society of Edinburgh. These studies he continued after his retirement by becoming Editor, at the invitation of our own Society, of the correspondence of Isaac Newton. The Gregory volume and the three volumes of Newton's correspondence are indispensable contritutions to the history of mathematics in the period.
The Gregory volume contains memoirs, correspondence and essays com municated to the Royal Society of Edinburgh during the International Congress of the Edinburgh Mathematical Society in 1938 to which we have referred. Turnbull, examining the collection of letters and manuscripts in the library of the Earl of Macclesfield at Shirburn, and collating these with the corresponding letters of John Collins in the Library of the University of St Andrews and certain other papers in the libraries of our own Society, the University of Edinburgh and the British Museum, made the discovery in 1932, at St Andrews in the first place, that Gregory, on receiving letters, had used the blank spaces for noting his own mathematical ideas. Turnbull made a careful transcript of all these notes (with translations and explanatory material they occupy more than 100 pages in the Volume), related them to the mathematics known at the time and given in other histories and documents, and came to the conclusions set out in this Tercentenary Volume. It consists of a brief biographical sketch of Gregory, itself very valuable and containing some unknown or little known facts, a description of mathematics and mathemati cians in the seventeenth century, a brief account of Gregory's mathematical discoveries, the contents of the letters and manuscripts and an evaluation of them, the correspondence, original manuscripts and published works.
The notes of Gregory interspersed among this correspondence, mainly with John Collins, led to important conclusions, for example that Gregory had anticipated Newton in discovering the binomial formula in general form and in the formula now called the Gregory-Newton interpolation formula. It is to be noted that E. T. Whittaker and G. A. Gibson had previously and independently suggested the same conclusion. Many important expansions of functions were found, for example the first several terms of the Taylor or Maclaurin series for tan x, sec x, log sec x (these written into a l Collins of February 1671) with indications that the successive terms were calculated from successive derivatives. There seemed to be no doubt that, although nowhere among these notes was the general formula given, Gregory was in possession of the Taylor series, hitherto supposed to have been first discovered by Brook Taylor in 1715, more than forty years later. But not only so; in one of the examples the equivalent of the much later test of convergence, the comparison test, was to be found, and even an approximation to the remainder. In another example the solution of a certain differential equation of Barrow was treated; Barrow had given its singular solution, but Gregory makes remarks concerning all possible solutions. Elsewhere are attempts by Gregory to show that certain geometrical quantities, such as circular or hyperbolic sectors are, as we should say nowadays, non-algebraic or transcen dental. Gregory was found to have anticipated Newton in finding the expres sion for the sum of wth powers of the roots of an equation in terms of the elementary symmetric functions. Attempting also to solve equations higher than the quartic by means of radicals, he suggests in a remark to Collins that this is perhaps impossible. He also solved certain Diophantine equations of Fermat. Turnbull's part in the volume (the last fifty out of more than 500 pages are essays by other authors) concludes with a description of Gregory's astronomical work, where again it seems that in the invention of the reflecting telescope his work overlapped that of Newton. There are essays by Turnbull on Gregory's Optica Promota and Exercitationes Geometricae.
It is not too much to describe these discoveries and conclusions of Turnbull as epoch-making. They have attracted great attention from historians of mathematics on the Continent, especially in Germany and Holland, and have made it necessary to reconsider the whole history of mathematics in the latter half of the seventeenth century, and in particular to recognize the genius of Gregory as second only to that of Newton.
The bicentenary of the death of another Scottish mathematician, Colin , Maclaurin, occurred in 1946. Turnbull was interested in the work of Maclaurin, though in this case there was nothing essentially new to be discovered. Turnbull published bicentenary tributes.
The editing of Newton's correspondence was a serious responsibility for Turnbull to have accepted at the age of sixty-five. In the nature of things it was certain that he could not possibly complete the task, or half the task, during his lifetime. It has been estimated that the complete edition would require seven volumes uniform with the three that have appeared up to 1961. As it was, these three with the assistance of Dr J. F. Scott from the third onward, were completed, and the fourth had been begun.
The project was a long delayed one. In England nothing had appeared regarding Newton in any way comparable with the Continental editions of the works and correspondence of Galileo, Huygens or Euler; there was not even an adequate critical edition, with commentaries, of Newton's Principia. At least in regard to Newton's correspondence these gaps will now eventually be filled, for it is estimated that the volumes in question will contain some 430 letters written by Newton and more than a thousand written to him or touching upon his work. It will have been through Turnbull's efforts-in an editorship comprehensive and personal, since it involved him in consultation and visits to libraries, public and private, in Britain, Germany and America -that Britain will for the first time see the prospect of a reasonably complete edition of the correspondence of her greatest scientist.
Some indication of the contents may be given. The main correspondents are Collins, who acted as a kind of intermediary or clearing-house between the leading scientists of the time, Gregory himself, and Oldenburg, the Secretary of the Royal Society at that period. The chief topics were optics, numerical solution of equations, expansions in infinite series, and quadrature. Here again appears the correspondence between Newton and Gregory through the intermediacy of Collins, and the former conclusion is sustained, that 'in contemporary judgment the genius of Gregory was reckoned to be second only to that of Newton, with which those who have studied the avail able facts would probably still agree'. What emerges from these volumes is the intensity of mathematical research in the later half of the seventeenth century, and the prodigious development that had occurred since the beginning of that century. A reviewer, welcoming the appearance of the first volume, wrote that 'the editing is all that could be desired to make the volume readable and immediately useful to a mathematician. The series will be a standard work, needed by any solid library in the mathematical sciences'.
The second volume, appearing in 1960, continued the promise of the first, being of special interest as covering the period of Newton's writing and publishing the Principia. As in the first volume, not only letters to and from Newton but letters and extracts from all relevant correspondence are included. Letters from Leibniz appear for the first time, giving the series for the sine and the arcsine. An important letter, dated as early as 1664, is regarded as 'perhaps the earliest statement and proof of the fundamental theorem of the calculus'. Other newly published passages relate to an outline of a treatise on mathematics projected by Newton in 1684-and it is a pity that it was never completed, for it would have settled, more than anything, what was known to Newton at that date-and the correspondence with Clarke concerning the Principia.
The third volume, which, as has been stated, was published after Turnbull's death, took Newton's correspondence as far as 1694. Though the interest remains mathematical and astronomical, in letters passing between Newton and Huygens, Leibniz, Flamsteed, David Gregory, Turnbull's editorial duties must have been made specially onerous by Newton's growing occupa tion with theology and biblical criticism. The long letter (358) to 'a Friend', of forty pages, requires seventy-five annotations, demanding a knowledge of the writings of the early Christian Fathers, the Arian controversy, the theology of St Thomas Aquinas and other similar matters, and there are other letters like it. One can imagine too easily Turnbull's endeavour to keep up with these duties, during which he was overtaken by his death.
Herbert Turnbull was a man of the highest Christian character, the utmost generosity and the truest humility. He was a pianist of professional compe tency, as was also his wife; members of congresses and colloquia at St Andrews will remember their pianoforte duets. He had literary ability; his biography of his father, Some memories of William Peveril Turnbull (Bell, 1919) , is of the greatest interest as a picture of Cambridge, of education, of English social life and of a distinguished family during the Victorian and Edwardian eras. He was versatile as a cricketer, a golfer, a chess player, a mountaineer, expert in his prime on the high Alps, familiar with the mountains of the Lake country and the Scottish Highlands, a member of the Alpine Club and President from 1948 to 1950 of the Scottish Mountaineering Club.
He is survived by his wife and their son, Derwent Greville Turnbull, an Instructor-Commander in the Royal Navy.
I am grateful to Mrs Herbert Turnbull and to M r E. L. Turnbull, C.B.E., for much information concerning the family history and early life of Herbert Turnbull, and to Dr Walter Ledermann for help in making the bibliography.
A. C. Aitken
